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Abstract Improving stability of crop yield in a target
production environment is an important breeding
objective. It is well known that selection for better sta-
bility generally results in lower mean yields and, con-
versely, that selection for higher mean yields may lead to
poorer stability. This paper explores the equivalence
between the singular value decomposition used in
AMMI analysis and the spectral decomposition used in
principal components analysis. This equivalence enables
scores of a “‘supplementary genotype” made up of the
highest yield value within each environment to be ob-
tained, and these may serve as the ideal check treatment
for selection purposes. These scores are used to (1) dis-
play this check in a biplot graph, thereby providing a
qualitative comparison with the real genotypes related to
their interaction with environments; (2) obtain estimates
of the squared distances from the projection of each real
genotype to the projection of the “‘supplementary
treatment”’, thereby allowing conclusions to be made on
the yield stability of each real genotype. This procedure
was effective in identifying the most stable soybean
cultivars in an example shown for illustration.
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Introduction

Agricultural yield is strongly influenced by environ-
mental conditions that generally lead to wide variations
in yield, both among years in a location and among
locations in a single year or, even further, between
locations and years. Improving yield stability of an
agricultural crop throughout a production region is an
important objective of genetic breeding programs.
Unfortunately, it is not uncommon to have situations
where selection based on yield stability causes lower
mean yields (Finlay and Wilkinson 1963; Helms 1993)
and, conversely, where selection for higher means re-
sults in less stability (Simmonds 1991). However, Hol-
land et al. (2002) reported that a selection for wide
adaptation to various environments in oat resulted in a
significant increase in mean grain yield in the popula-
tion.

Phenotypic stability parameters of interest include,
among others, the Eberhart and Russell (1966) regres-
sion coefficient (b;) and the Lin and Binns (1988) supe-
riority parameter (P;). The Eberhart and Russell
parameter is based on the regression of the phenotypic
response (for example, yield) of each genotype on a
quantitative index of environmental quality (for exam-
ple, mean yield of each environment). In this approach,
a stable genotype has a unitary regression coefficient,
minimum deviations from the regression and a high
mean yield. In turn, the Lin and Binns (1988) superiority
parameter is the quadratic difference between the yield
of a given genotype and the maximum yield obtained
within each one of the environments under study.
Genotypes with broad adaptation present lower values
of this superiority parameter because they have a yield
close to the maximum yield within each environment;
this in contrast to genotypes less adapted to the set of
environments that comprise the cropping region in
question.

An alternative form of assessing the phenotypic
stability and adaptability involves a multivariate



treatment of the genotypexenvironment interactions
(GxE). Additive main effects and multiplicative inter-
actions (AMMI) analysis is used for partitioning the
effects traditionally attributed to this interaction, which
represent the residues of the isolation of the main
genotype and environment effects estimated by analysis
of variance (ANOVA) (Crossa 1990; Gauch 1992;
Duarte and Vencovsky 1999). In this case, differences in
genotype stability and adaptability to the environments
can be assessed qualitatively using graphics named bi-
plots that place the environments according to their
principal component scores obtained from the analysis.

The AMMI procedure uses a combination of statis-
tical techniques, namely, ANOVA (univariate) and
principal components analysis (PCA) (multivariate). For
the purpose of generalization and to prevent against
possible interpretive mistakes, Duarte and Vencovsky
(1999) recommended treating PCA directly by the
mathematical technique called singular value decompo-
sition (SVD). This procedure, derived from matrix
algebra, consists of the theoretic base of the biplot gra-
phic representation, which has application in various
areas of knowledge (Eckart and Young 1936; Good
1969; Gabriel 1978; Mandel 1982).

In PCA, the introduction of supplementary indi-
viduals or variables (vectors) that have not partici-
pated directly in the original analysis is formally
described. These vectors are rows and/or columns
added to the original matrix of multivariate data (X).
The objective of adding these variables is the possi-
bility of representing virtually interesting individuals
(rows) or variables (columns) which are not part of the
real data mass assessed. Thus, by projecting them, for
example, on the first principal planes (dispersion
graphs of individuals in the space of the variables), the
positioning of these individuals in relation to the
others, the real individuals, may help in data inter-
pretation (Nagpal 1999). It is necessary to point out
that the new graphic representation (with supplemen-
tary vectors) should be constructed so as not to affect
the original covariance structure of the data, that is, to
keep the relative positions of the real individuals and
variables.

The purpose of this study is to present the theoret-
ical base of the representation of a supplementary
genotype, not in exclusive dispersion graphics of the
individuals, but in the so-called biplot (simultaneous
graphic representation of the rows and columns of a
matrix; that is, in the context of this study, the geno-
types and environments) obtained from the AMMI
analysis. Thus, defining the construction criteria of this
supplementary genotype as being that which reaches
the highest yield in each location, the proximity or
distance of the real genotypes and environments can be
assessed in relation to this reference genotype, which
has the characteristics of an ideal control and permits
the application of this proposal to real data applied
plant breeding programs.
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Materials and method
Experimental data

As an illustration, grain yield data were used from a
group of 11 competition trials (environments) of soy-
bean cultivars (Table 1) obtained by Oliveira et al.
(2003). The genotypes were developed in the soybean
breeding program carried out at the Escola de Agron-
omia ¢ Engenharia de Alimentos, Universidade Federal
de Goias, Brazil. The lines were in the F;o generation of
selfing (high homozygosis level). Eighteen genotypes
were tested, including four control cultivars (FT-2000,
Emgopa-315, Msoy-8001 and Conquista). In each
environment we used a randomized complete block de-
sign with three replications.

The AMMI analysis model

The graphic representation of genotypes and environ-
ments by AMMI analysis results from a model of main
additive effects and multiplicative interaction. This
model is expressed mathematically by:

n
Yi=p+gi+e+ Y yadi+ py+ &j, where:
k=1

Y;  is the yield response of genotype i (i=1, 2, .., ]) in
environment j j=1, 2,..., J);

U is the general mean;

gi is the main effect associated to the i-th genotype;

e is the main effect associated to the j-th environ-
ment;

n is the number of principal axes (principal com-

ponents) necessary to describe the “pattern” of the
interaction between the i-th genotype with the j-th
environment;

Ax 1s the singular value of the k-th principal interac-
tion axis;

v 1s the i-th element of the singular column vector
associated to axis k;

o is the j-th element of the singular row vector
associated to axis k;

p; is the AMMI residue (interaction *“‘noise”); and

g; 1is the pooled error term.

Note that the classic term (ge),;, traditionally referred
as the interaction of the i-th genotype with j-th envi-
n

ronment, is modeled here by: ) Ay + pyj-
k=1



814

Table 1 Matrix with the observed yield means (kg/ha) of 18 soybean genotypes in 11 environments. Source: Oliveira et al. (2003)

Genotype Environments
Al A2 A3 A4 AS A6 A7 A8 A9 A10 All

G, Conquista 2,047 1,703 2,088 1,195 3,809 2,716 2,567 2,969 2,773 2,750 2,418
G, Emgopa 315 1,918 1,865 1,576 1,085 2,380 2,769 2,667 3,033 2,617 2,580 2,352
G; FT-2000 1,367 1,176 1,020 803 2,646 2,000 1,950 3,191 2,717 2,972 3,055
Gy L-7 2,208 2,147 1,585 1,276 2,478 2,264 2,390 2,268 1,986 2,507 1,831
Gs L-8 1,935 1,794 1,395 1,327 2,488 2,518 1,865 2,187 1,947 1,607 2,067
Gg L9 1,494 1,669 2,048 1,437 3,033 2,396 2,721 2,333 2,174 2,372 2,078
G, L-11 1,797 1,837 1,731 1,345 2,246 2,571 2,499 2,690 2,355 1,869 2,351
Gg L-112 1,345 1,503 1,565 993 3,011 2,235 2,359 2,330 1,536 2,180 2,093
Gy L-113 1,682 2,233 1,518 945 2,524 2,189 2,312 2,231 1,864 2,133 2,046
Gy L-12 1,859 2,075 1,837 1,107 2,250 2,271 2,325 2,364 2,074 2,182 2,243
Gy L-13 1,991 2,133 1,788 1,183 2,571 2,300 2,513 2,487 2,596 2,233 2,201
G, L-14 2,021 1,981 1,773 1,339 2,515 2,417 2,475 2,673 2,222 2,367 2,114
Gy; L-149 1,665 1,247 1,522 846 2,404 1,951 2,213 1,679 1,417 2,209 1,947
G4 L-16 1,745 1,888 1,845 1,337 2,643 2,443 2,600 2,465 2,187 2,554 2,205
G5 L-176 1,619 1,443 1,529 956 2,797 2,047 2,323 1,925 1,621 2,144 2,056
G L-21 1,519 1,539 1,561 1,009 2,375 2,115 2,188 2,193 2,081 1,946 1,913
Gy; L-84 1,813 2,073 1,464 1,169 2,292 3,182 1,971 2,361 2,046 2,208 2,006
G Msoy 8001 1,588 1,571 2,020 903 2,203 2,821 3,184 2,843 2,593 2,396 2,361

The model is fitted sequentially, combining the
ANOVA and the PCA. Thus the residuals from the fit-
ting of the main effects by ANOVA are modeled, in a
second step, by PCA. In this stage, the scores or coor-
dinates of the genotypes and environments are produced
on the principal interaction axes, conventionally known
as IPCA, (k=1, 2,..., n), that permit their representation
together in a biplot graph.

To avoid possible interpretative mistakes, resulting
from the exchange of sign of the genotype and envi-
ronment scores, by PCA, some authors recommend
treating the second stage directly by SVD (Gauch 1992;
Duarte and Vencovsky 1999).

Equivalence between SVD and PCA

SVD enables an approximation of a matrix to be ob-
tained by another of a lower rank to understand the
structure behind the data, that is, the law of matrix
formation. Mathematically, the exact partitioning of a
real matrix B, is given by:B =Y ¥_, Axuv}, where A
is its k-th singular value [k=1, 2,..., n,.., p; with
p < min(r, ¢) being the rank of B]; u; and V', are the
singular associated vectors, column and row, respec-
tively. An approximation of rank » to B is determined
by:B =Y i_ | Akugvj.

Arranging the p singular values in decreasing order
on a diagonal matrix S,), and the respective singular
vectors u; and V', in two matrices (orthogonal) U,
and V7, respectively, the SVD expression can be de-
scribed as: B=USV’ (having U, sequentially the p vec-
tors uy in their columns, and V” the p vectors v/ in their
rows). In this case, the approximated matrix that cap-
tures the subjacent pattern of the B data is determined
by:B = U S V'; whereU, S and 7’ contain only the  first
term of their correspondmg matrices. From this, Gabriel

(1971) derived the so-called row (G) and column (H)
markers of the matrix B, that is, G= U S§'/?
and H = S'/2V’ which can be represented together in an
n-dimensional graphic (n < 3) called a biplot.

In the context of the AMMI analysis, the matrix to be
partitioned and understood in its formation law will be
the GxE interactiorl matrix. Therefore,B ;. ;) = (ge)u7
where its elements(ge),, correspond to the least squares
estimates of the term (ge); in the conventional model.
Under the conditions of a fixed effects model, these
estimates are: (ge) =Y, — Y —Y;+Y, where Y, , Y,
and Y. denote the medns of genotype i of environment j
and the general mean, respectively. Since it is a deviation
matrix with nil sums on the rows and column, the rank
of B is reduced to p=min{/—1, J—1}.

The correspondence established in the literature be-
tween the AMMI analysis and PCA can be demon-
strated from two symmetrical matrices derived from B:
BB’ and B’B. The spectral decomposition, which is the
particular case of the SVD of symmetrical matrices and
the theoretical foundation of PCA for these matrices,
is given by: BB\, = UAU' =3, Jqupi,  and B'B;,
VAV =37, Akvkvk, where A is the diagonal matrix w1th

the not nil eigenvalues /2 that are common to BB and
B'B (77 is exactly equal to the square of the respective
singular value of B), and U and V, already defined, are
here the respective matrices of the eigenvectors of BB’
and B'B

In the case of PCA, the scores of the individuals
(identified by the rows of B) for the representation in a
biplot graph are obtained by spectral decomposition
applied to the matrix of covariance of the variables. The
rule that weights each B vector-row of the original ma-
trix for the principal component axes (IPCAj) is,
therefore, given by the eigenvectors of B’B, that is, the V'
matrix. Consequently, the scores of the individuals for



the n first axes is determined byG(,,) = BV. Similarly,
although not commonly described in the literature, the
rule that weights each B vector-column for the principal
axes is given by the eigenvectors of the BB" (matrix U),
which is associated to the individual’s covariance. Thus,
the matrix with the scores of the variables for the » first
principal axes is obtained by:H(,..) = U’'B. For a biplot
representation, however, the two decompositions (dou-
ble PCA) cannot be done independently, but rather in an
integrated manner.

This warning with respect to the use of a
doubly-integrated PCA results from the fact that the
independent analyses can produce row and column
scores corresponding to different graphic representations
(generally symmetrical, that is, with scores showing
changed signs). Although this does not interfere in the
dispersion of the individuals, nor in the correlations of
the variables, it certainly implies mistaken interpreta-
tions about association among individuals and variables
in the biplot. The solution to the problem can be ob-
tained by calculating the BB’ eigenvectors from the B’'B
eigenvectors, or vice-versa, instead of obtaining them
independently. Thus, being that v, is the k-th BB
eigenvector associated to the eigenvalue A7, the k-th BB
eigenvector is given by u; = (1/;)Bvy. Otherwise, know-
ing the u; eigenvector, v, can be obtained by v,=(1/
Ai)B'uy. (Duarte and Vencovsky 1999; Souza 1988).

Apart from an easily solved difference in scale it is
possible to show that the two approaches permit the
same relative individual and variable scores to be ob-
tained for the biplot representation. The first has the
advantage that these scores are naturally integrated,
because they are obtained from a single decomposition
(SVD); the other involves two applications of spectral
decomposition, thus the PCA needs to be doubly-inte-
grated. On the other hand, as previously presented, only
the second approach supplies a rule to directly weight a
row or column vector observed to produce its respective
scores. Thus, if the objective is to apply the same rule to
represent graphically, in the same biplot, an extra indi-
vidual (a supplementary genotype here), the expressions
derived from the last approach offer advantages.

Supplementary genotype representation

First, based on the proposal by Lin and Binns (1988),
where the standard is the maximum response for each
location and the superiority of a cultivar is measured by
the quadratic distance measured from this response, the
maximum Yyields in each location were aligned as
belonging to a supplementary genotype of interest (ideal
control). Thus, if Y}; is the yield of the i-th genotype in
the j-th environment and Y,; is the maximum response
among all of the genotypes in the j-th environment, the
set of the values Y; (j=1, 2... J) produces the vector
associated to the supplementary genotype s.

It should be emphasized that the position of this
“ideal control” in a biplot graph must be calculated so
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as not to exercise any influence on the graphic coordi-
nate of the genotypes (individuals) and environments
(variables) assessed. The procedure to do this is based on
the same rule available for producing the scores of the
real genotypes assessed in this paper, that
18,G(;xn) = BV, where B is the GXE interaction matrix
and/V is the orthogonal matrix with the n first eigen-
vectors of B'B placed in its columns. Thus, the coordi-
nate or score of a specific genotype i on a principal
axis k (k=1, 2... n) is determined by: IPCA; = bjox =
Z‘/{:l b;ijvy, where b; is the row vector of interest in B
with elements b;. This procedure was adapted from
Droesbeke and Fine (1995).

In the AMMI analysis, the scores of the real geno-
types for their placing on a biplot graph are obtained
byG = U §'/?, whereU is a matrix that has sequentially
the n first vectors u; in its columns and each vector has
as many rows as the number of real genotypes. Thus, the
coordinates of a supplementary genotype (uy) can be

estimated in the same way. Given that u,=(1/1;) B,
each of its elements is given byuy = (1/4b})v;. Thus, in

the AMMI analysis, we have:ugy = (1/ )vk)(gAe);vk; where
A« 1s the singular value obtained with the real genotypes
and(gAe)A/Y is the vector IxJ with the estimates(gAe)sj
associated to the supplementary genotype (Gj), with
(gAe)Sj =Y;— Y, —Y;+ Y. Then the coordinate of the
genotype will be determined byIPCAy = /iy, which

is equivalent to(1/ \/E)(gAe);vk, being that the referred
difference in scale between the two approaches by PCA
and SVD corresponds exactly to the valuel /v/7.

Genotype adaptability and stability

The criterion of vector construction associated to the
supplementary genotype here considered, which is
composed of the highest yield obtained in each one of
the locations, simulates a ““‘control genotype” of opti-
mum yield adaptation, relative to the set assessed, and
one of high agronomic stability, in the sense that this
virtual genotype explores the positive interactions with
environments. Thus in a biplot, the distance between the
points corresponding to an assessed genotype and the
supplementary genotype provides a measure of similar-
ity between these genotypes according to this concept. A
quadratic distance can be easily calculated by:
d2 =S (IPCAy — IPCAy)*.

To execute the analyses, a computer routine in Sta-
tistical Analysis System/Interactive Matrix Language
(SAS/IML) language was developed, based on a pro-
gram made available by Duarte and Vencovsky (1999).

Results and discussion

As presented by Oliveira et al. (2003), the model selected
to describe the set of data used here was the AMMI2
(Table 2). This means that two principal interaction axes
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Table 2 Joint ANOVA and AMMI decomposition of the GXE
interaction effects, on a treatment mean basis, for soybean grain
yield (2001/2002). Source: Oliveira et al. (2003)

Sources of variation df  SS MS P>F
Interaction GXE 151 12,891,459.05 853.90 0.0006
AMMI1 26  4,715,627.11 181,370.27 <0.0001
Residual 125  8,175,831.94  65,406.66 0.0273
AMMI2 24 3,140,704.47 130,862.69 0.0001
Residual 101 5,035,127.47  49,852.75 0.4231
Pooled error 216 — 48,375.58 —

were needed to describe the pattern behind the main
effects residues (matrix B). Consequently, the graph that
would normally be constructed to represent the geno-
types and environments jointly is the AMMI2 biplot,
whose coordinates are shown in Table 3. For illustration
in this study, bearing in mind its methodological char-
acter, both the AMMII1 biplot (meansxIPCAT1) as the
biplot AMMI2 (IPCA1XIPCA2) are presented (Figs. 1
and 2, respectively).

It is observed that with the approach presented in this
paper, one or more supplementary genotypes can be
represented in AMMI biplot displays and that this
representation can help in the interpretation of data
obtained from variety trials. In this case, the supple-
mentary genotype of theoretical interest should be one
with maximum yield in each location, according Lin and
Binns (1988). In both figures it is easy to notice the

proximity between the G; genotype (Conquista cultivar)
and the supplementary genotype of interest (Gy), here
conceived as being the one that reaches the highest mean
yield in each location sampled by the experiments (which
has positive interactions with environments). This cul-
tivar was emphasized by Oliveira et al. (2003) in their
study as having the most favorable yield performance
when compared to the other genotypes assessed.

The interpretation of a biplot for GXE interaction is
made based on the magnitude and on the signs of the
scores of the genotypes and the environments for the
interaction axes considered. Values of close to zero
characterize genotypes and environments that have a low
contribution to the interaction, being considered stable.
In the AMMII biplot (Fig. 1) the points around the line
that marks the points zero on the IPCA1 axis correspond
to the most stable genotypes and environments. These
include Gg, G, Gg, Gz, G4, G5 and G4 and envi-
ronments As and A;. In the AMMI2 biplot (Fig. 2) stable
genotypes and environments are those whose points are
situated close to the origin, that is, with scores close to
zero for the IPCA1 and IPCA2 axes. The G4 and G4
genotypes and the A, environment are in this situation.
The stability of the genotypes is an indication of their
adaptive amplitudes, that is, stable genotypes are widely
adapted to the environments being tested. However, for
cultivar recommendation purposes, stable genotypes
should also have desirable characteristics such as high
yield. Given the definition of a supplementary genotype
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Fig. 1 Graphic display of genotypes [assessed (G;—Gg) and supplementary (G)] and environments (A;—A ;) in the AMMII1 biplot



Table 3 Mean yield (kg/ha) and scores of the 18 genotypes assessed
(G1-Gyg), the supplementary genotype (G,) and the 11 environ-
ments considered (A;—A;;) for the two first axes of the biplot
representation (IPCA1, and IPCA2)
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that we have here considered, the smaller the quadratic
distance between its projection and the projection of a
specific assessed genotype, for each one of the interaction
axes, the greater the similarity of the GXE interaction

Genotypes/environments Mean yield (kg/ha) IPCA1 IPCA2 behavior of this genotype with the behavior shown by the
supplementary one. Thus, regardless of which AMMI
gl ggg;;g 21306.88 1_61'(3)231 model is chosen, the quadratic distance can be estimated
Gi 508155 3802 208 Irom the projection of the supplementary genotype to the
G, 2,085.45 —11.02 -0.64 real genotype. If a model with more than three axes is
Gs 1,920.91 —-10.38 —4.62  used, even if a biplot display cannot be designed, the
gé gﬁggg *f% 1212944 information on the interaction pattern associated to the
G; 192273 0.51 1576  genotypes tested can be obtained by the accumulated
Go 1.970.64 _777 —o0.12 quadratic distance of the axes considered.
Go 2,053.36 —-6.06 —6.07 Table 4 presents the quadratic distances among the
G 2,181.45 —2.56 =334 projections of each genotype assessed and the supple-
g” %%é;‘g :2“3‘3 ]_23 ‘2929 mentary genotype, on the first two principal components
G:: 2:173:82 —1:48 2.1.4 axes. It can be observed that in IPCAT1 the Gz and Glg
Gis 1,860.00 —3.44 1451 genotypes are even closer to the supplementary genotype
Gis 1,858.09 —134  —0.15  than the G; genotype (cv. Conquista). Thus, for geno-
g” gggg% 7‘2'373 :ﬁ'z? typic and environmental factors that mostly account for
G 273927 230 9.68 the first axis of interaction, these are the genotypes that
A, 1,756.28 —13.98 —3.47 show the most positive interactions with environments
A, 1,770.94 —21.01 —10.25 in the trial conditions. However, considering that in this
23 %?;2;; _}é-gg Zg; case the appropriate biplot, based on an statistical test, is
A: 2’592 5 315 3559 the AMMI2, it is shown that with respect to GxE
Ag 2.400.28 _790 —12.25 Interaction, the G, genotype is indeed the one that shows
A, 2,395.67 -3.68 2.58 the smaller distance from the Lin and Binns (1988) ideal
Asg 2,456.78 1995 —11.38  genotype. Then, the Conquista variety could be
ﬁ‘) %33'?3 %461-431431 8_1431.56 identified as stable under this point of view, that is, the
' ' _ enotype that most approximate e supplementary
A 2.185.39 1682 —124 genotype that most appr ted the supplement
(virtual) genotype or the ideal control.
Fig. 2 Graph display of i
genotypes [assessed (G;—Gig) I mhs
and supplementary (G;)] and 30 A |
environments (A;—Ay) in the '
AMMI2 biplot E
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Table 4 Quadratic distances (%) between each assessed genotype
and the supplementary genotype (G,;) when projected on the
AMMII and AMMI2 biplot

Genotypes AMMII1 AMMI2
G, 3.55 43.73
G, 0.04 528.68
G; 854.12 992.48
Gy 392.90 499.57
Gs 367.73 572.25
G 124.73 133.75
G, 111.19 600.74
Gg 68.65 105.51
Gy 274.58 370.80
G 220.93 469.00
Gy 128.98 354.64
G, 150.11 337.11
G 201.43 207.84
Gy 105.76 162.73
Gis 149.75 173.02
Gis 102.75 199.47
Gy, 307.19 819.93
Gig 0.76 45431

Additionally, although it has not been the focus of this
study, the score of a particular variable j (e.g. environment
of interest) in each principal axis can be obtained simi-
larly, whether it is an observed or supplementary variable.
From the general equation derived from SVD,
H = S'27" that results inIPCAy; = v/7;v;;. This value is

the equ1leent to the expression IPCAy; = lx/ﬁuk(ge)

Where(ge is the vector Ixl with the est1mates(ge)
assocnatedj to the variable (environment) of interest.
Hence, once a criterion to construct a supplementary
environment of interest is defined through additional
studies, it is possible also to generate scores for its
representation on a biplot graph. Estimates of the dis-
tance of the real environments to this desirable virtual
environment can be obtained similarly by: dfs =

S (IPCAy, — IPCAy,)*,where IPCA, is the supple-
mentary environment score in the k-th principal axis.
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